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A unified theory of quantum critical points beyond the conventional Landau-Ginzburg-Wilson
paradigm remains unknown. According to Landau cubic criterion, phase transitions should be
first-order when cubic terms of order parameters are allowed by symmetry in the Landau-Ginzburg
free energy. Here, from renormalization group (RG) analysis we show that second-order quantum
phase transitions can occur at such putatively first-order transitions in interacting two-dimensional
Dirac semimetals. As such type of Landau-forbidden quantum critical points are induced by gapless
fermions, we call them fermion-induced quantum critical points (FIQCP). We further introduce a
microscopic model of SU(N) fermions on the honeycomb lattice featuring a transition between Dirac
semimetals and Kekule valence bond solids. Remarkably, our large-scale sign-problem-free Majorana
quantum Monte Carlo simulations show convincing evidences of a FIQCP for N = 2, 3, 4, 5, 6,
consistent with the RG analysis. We finally discuss possible experimental realizations of the FIQCP
in graphene and graphene-like materials.
Fathoming the behavior of quantum matters near
quantum phase transitions in strongly correlated many-
body systems is among central and challenging issues
in modern condensed matter physics [1]. Due to Lan-
dau and Ginzburg [2], a prevalent understanding of
phase transitions is provided by order parameters whose
nonzero expectation value can characterize phases with
lower symmetries. Sufficiently close to the transition
point, order parameter fluctuations at large distances and
long times dominate the physics near such phase transi-
tions and are described by a continuum field theory of
order parameters. Combined with Wilson’s renormaliza-
tion group (RG) theory [3], this sophisticated Landau-
Ginzburg-Wilson (LGW) paradigm for phase transitions
has made huge successes in understanding second-order
phase transitions in correlated many-body systems in-
cluding superconductors, density-wave compounds, and
electronic liquid crystals [4–6].
Quantum critical points beyond the LGW paradigm
have attracted increasing attentions. It is particularly
intriguing to identify and understand quantum critical
points which are forbidden according to the Landau
criterion – the so-called Landau-forbidden transitions.
Remarkably, the theory of deconfined quantum critical
points (DQCP) [7] provides an exotic scenario of realiz-
ing a continuous quantum phase transition between two
symmetry-incompatible phases, which is putatively first-
order according to the Landau symmetry criterion. Frac-
tional excitations play an important role in such DQCP
[7–11].
The Landau cubic criterion states that continuous
phase transitions are also forbidden when cubic terms
of order parameters are allowed by symmetry in the
Landau-Ginzburg (LG) free energy. For instance, the
quantum three-state Potts model in 2+1 or 3+1 dimen-
sions has been convincingly shown to feature a first-order
quantum phase transition [12], as cubic terms of the Z3
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FIG. 1. | The fermion-induced quantum critical point
(FIQCP). According to the Landau cubic criterion, the tran-
sition would be putatively first-order because cubic terms of
order-parameters are allowed by symmetry in the Landau-
Ginzburg theory. However, it can be induced to be second-
order by coupling to massless Dirac fermions. This FIQCP
provides a new and generic scenario for transitions violating
the Landau cubic criterion.
order parameters are allowed and relevant in the low-
energy LG free energy. One may naturally ask the fol-
lowing question: Is there any continuous transition that
can violate this Landau criterion concerning cubic terms
in LG free energy?
Here we discover an intriguing scenario violating the
Landau cubic criterion; namely fermion-induced quan-
tum critical points (FIQCP) are second-order quantum
phase transitions induced by coupling gapless fermions
to fluctuations of order parameters whose cubic terms
appear in the Landau-Ginzburg theory. To be more
explicit, we consider a quantum phase transition between
Dirac semimetals in 2D [13–18] and Kekule valence bond
solids (Kekule-VBS) [19–22] with Z3 symmetry-breaking
where cubic terms are allowed in the LG free energy,
as schematically shown in Fig. 1. We perform RG
analysis to show that this putative first-order phase
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2transition can be driven to a continuous phase tran-
sition by fluctuations of gapless Dirac fermions. Our
RG calculations are controlled by large-N expansions
where N is the number of flavors of four-component
Dirac fermions. Remarkably, the RG results identify
a stable fixed point with vanishing cubic terms, which
corresponds to a continuous phase transition between
Dirac semimetals and Kekule-VBS, namely an FIQCP.
To confirm the FIQCP obtained in the RG analysis,
we consider microscopic models of SU(N) fermions on
the honeycomb lattice featuring the designed quantum
phase transitions. No matter N is even or odd, quantum
Monte Carlo [23–26] simulations of these models can
be made sign-problem-free by employing the Majorana
method recently proposed by us in Ref. [27]. By
large-scale sign-problem-free MQMC simulations, we
show convincing evidences that the quantum phase tran-
sition between the Dirac semimetals and Kekule-VBS is
continuous for N = 2, 3, 4, 5, and 6. The emergence of
rotational symmetry at the transition reveals that this
phase transition falls in chiral XY universality [28, 29].
We obtain various critical exponents at the FIQCP in
MQMC simulations. Remarkably, the critical exponents
derived from RG analysis reasonably agree with the ones
obtained from our MQMC simulations, which strongly
suggests that the FIQCPs are robust.
Results
Renormalization group analysis. We begin by con-
structing the low-energy field theory describing the quan-
tum phase transition. At low-energy and long-distance
near the transition, the system can be described by Dirac
fermions, fluctuating order parameters, and their cou-
plings: S = Sψ+Sφ+Sψφ. The action for Dirac fermions
(on honeycomb lattice) is given by:
Sψ =
∫
d3x ψ†[∂τ − v(iσxτz∂x + iσyτ0∂y)]ψ, (1)
where τ i (σi) Pauli matrices operate in valley (sublat-
tice) space, v denotes the Fermi velocity, and ψ†(x) =
(ψ†KA(x), ψ
†
KB(x), ψ
†
−KA(x), ψ
†
−KB(x)) is the four com-
ponent fermion creation operator with ±K = ±( 4pi3 , 0)
denoting valley momenta of Dirac points and A,B label-
ing sublattices. Note that the spin index ν = 1, · · · , N
is implicit in the action above; for spin-1/2 electrons in
graphene N = 2.
The Kekule-VBS order breaks lattice translational
symmetry with wave vectors ±2K and also the C3 ro-
tational symmetry (see Supplementary Note 1 for de-
tails). The most general but symmetry constrained ac-
tion describing the order-parameter fluctuations up to
the fourth order is given by
Sφ=
∫
d3x
[
|∂τφ|2+ c2|∇φ|2+r|φ|2+b(φ3 + φ∗3)+u|φ|4
]
,(2)
where φ(x) ≡ φ2K(x) is a complex order parameter,
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FIG. 2. | The renormalization group flow of coupling
constants. From The only stable fixed point in the crit-
ical surface r = rc is denoted by the red point, which is
the Gross-Neveu-Yukawa fixed point representing an FIQCP.
Moreover, Lorentz symmetry emerges at the FIQCP as veloc-
ities of fermions and bosons flow to the same value.
c, r, b, u are real constants. According to the Landau cri-
terion, the cubic terms above should render a first-order
transition. Indeed, the action in Eq. (2) describes an
effective field theory of quantum three-state Potts model
which supports a weakly first-order quantum phase tran-
sition in 2+1 dimensions [12, 30, 31]. However, as we
shall show below, the coupling between the gapless Dirac
fermions and order-parameter fluctuations will dramati-
cally change this scenario by rendering the putative first-
order transition into a continuous one. The Kekule-VBS
ordering can gap out the Dirac fermions and the coupling
between them reads
Sψφ = g
∫
d3x(φψ†σxτ+ψ + h.c.), (3)
where τ+ = (τx + iτy)/2 and g labels the Yukawa-
like coupling strength. Note that, although the fifth-
order term u5(φ
3 +h.c.)|φ|2 which is relevant at Gaussian
fixed point in 2+1 dimensions and the sixth-order term
u6|φ|6 + u′6(φ6 + h.c.) which are marginal are allowed in
the action by symmetry, these terms are irrelevant and
can be safely omitted for N > 1/2 at the FIQCP fixed
point, as we shown explicitly in Supplementary Note 1.
To answer whether the FIQCP occurs in the quantum
phase transition, we perform RG analysis of the the ef-
fective field theory describing the phase transition. For
simplicity, we employ dimensionless coupling constants
(r˜, g˜2, b˜2, u˜) (see Supplementary Note 1 for details). In-
tegrating out the fast modes in the momentum-shell
Λe−l < p < Λ yields a set of RG equations, where l > 0
parameterizes momentum-shell and Λ is the ultraviolet
cutoff. We implement a large-N expansion in calculations
where N is number of fermion species (N = 2 for spin-
1/2 electrons in graphene). As long as g˜2 stays non-zero
at the infrared, the RG is controlled by a small parameter
1/N . A second-order critical point should have only one
relevant direction r˜, while those fixed points having more
than one relevant directions are multi-critical points or
3indicate first-order transitions. In other words, a second-
order critical point is stable under all perturbations in
critical surface r˜ ≡ r˜c(g˜2, b˜2, u˜), and, in particular, the
cubic terms should be irrelevant.
By solving the RG equations, we find only one sta-
ble fixed point with g˜∗2 > 0 on the critical surface,
(g˜∗2, b˜∗2, u˜∗) ≈ ( 2piN , 0, 2piN ), for N > 1/2 (see Supple-
mentary Note 1 for details). Moreover, the Fermi ve-
locity and the boson velocity flow to the same value at
the fixed point, indicating a Gross-Neveu-Yukawa (GNY)
fixed point with emergent Lorentz symmetry. The flow
of coupling constants near the stable GNY fixed point for
N = 3 is shown in Fig. 2, where the red point denotes
the GNY fixed point. In the vicinity of the GNY fixed
point [15], the linearized RG equations are given by (we
set v = c = 1 for simplicity)
dδg˜2
dl
= −δg˜2 − 9
2N
δb˜2, (4)
dδb˜2
dl
= − 9
N
δb˜2, (5)
dδu˜
dl
=
18
N
δg˜2 +
99
N
δb˜2 −
(
1 +
18
N
)
δu˜, (6)
from which it is obvious that the fixed point is a stable
one as perturbations around the GNY point are irrele-
vant. The critical exponents at the GNY fixed point are
given by η = NN+1 , ν
−1 = 2− 1+4N+
√
1+38N+N2
5(1+N) . At the
GNY fixed point, φ5 (also φ6) is irrelevant and can be
safely neglected near the quantum phase transition for
analyzing the FIQCP, as shown in the Supplementary
Note 1.
The existence of the stable GNY fixed point in the
large-N RG analysis implies that the quantum phase
transition is a continuous one with vanishing cubic terms
and emergent rotational symmetry, namely an FIQCP
for relatively large N . It is worth mentioning that, if
N = 0, the theory becomes a purely bosonic system
which features a first-order phase transition as shown
many years ago [12], consistent with the Landau cubic
criterion. Moreover, for N = 1/2, if the transition were
be a continuous one, the critical point would feature
an emergent spacetime supersymmetry (SUSY) [32–34].
Because of the emergent SUSY, the scaling dimension
of the cubic term φ3 is known exactly to be 2, which
is less than the spacetime dimension, implying that
the cubic term is relevant at the SUSY fixed point and
that it is in contradiction with the assumption that a
continuous transition occurs for N = 1/2. Consequently,
the transition for N = 1/2 must be first-order, which
is an exact result! Our RG analysis predicts a critical
Nc (Nc > 1/2) such that for N > Nc the gapless
fermions are able to drive such a putative first-order
transition into a continuous one, and that for N < Nc
the putative first-order transition survives. As the RG
analysis is controlled by the 1/N expansion, determining
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FIG. 3. | The quantum phase diagram obtained from
QMC simulations. The quantum phase diagram of the
models of SU(N) fermions on the honeycomb lattice, for N =
2, 3, 4, 5, 6, is obtained by sign-problem-free Majorana quan-
tum Monte Carlo (QMC) simulations. For N = 2, 3, 4, 5, 6,
the system encounters a continuous transition violating the
Landau cubic criterion, dubbed as fermion-induced quantum
critical point (FIQCP) here, between the Dirac semimetals
to the Kekule valance bond solid (Kekule-VBS) phase. For
N = 2, the quantum phase transition between the Kekule-
VBS and the antiferromagnetic (AF) phases is a deconfined
quantum critical point (DQCP).
the exact value of such critical Nc is beyond the RG
scheme here. Sign-problem-free MQMC simulations
below give an upper bound of Nc, namely Nc < 2, as the
simulations convincingly show that the FIQCP occurs
for N = 2, 3, 4, 5, 6.
Majorana quantum Monte Carlo simulations. In
order to confirm the scenario of FIQCP obtained in
the RG analysis above, we introduce a sign-problem-free
model of SU(N) fermions [35–42] on the honeycomb lat-
tice, which features a quantum phase transition between
Dirac semimetals and the Kekule-VBS phase, as follows:
H = −t
∑
〈ij〉
[
c†iαcjα + h.c.
]− J
2N
∑
〈ij〉
[
c†iαcjα + h.c.
]2
,(7)
where the summation over spin species α = 1, · · · , N
is implicitly assumed, c†iα is the creation operator of
fermions with spin index α on site i, t is the hopping am-
plitude, and J is the strength of interactions. Hereafter
we set t = 1 as the energy unit. The low-energy physics of
noninteracting SU(N) fermions at half-filling in Eq. (7)
can be described by N massless four-component Dirac
fermions. The system can undergo a quantum phase
transition from Dirac semimetals to the Kekule-VBS
phase as the interaction J is increased. Most remarkably,
no matter N is odd or even, this model is free from infa-
mous fermion-sign-problem [43–49] when the Majorana
representation [27] is used, which allows us to do unbi-
ased simulations to investigate the nature of this quan-
tum phase transition in systems with large lattice sizes.
As we are interested in quantum phase transitions, we
use projector QMC [50, 51] to explore ground state prop-
42.5 2.6 2.7 2.8 2.9 3.0 3.1
1.4
1.6
1.8
2.0
B(
L)
J/t
L=15
L=18
L=21
L=24
-3 -2 -1 0 1 2
2.0
2.2
2.4
2.6
2.8
S V
BS
L1
+η
(J-Jc)L
1/ν
L=12
L=15
L=18
L=21
L=24
(a) (b)
FIG. 4. | The Binder ratio and data collapse analy-
sis. (a) The Binder ratio with different J/t and different L
up to L = 24 for N = 3 is obtained from sign-problem-free
Majorana QMC; the Kekule-VBS phase transition occurs at
Jc/t ≈ 2.9. (b) Data collapsing according to the scaling re-
lation is used to determine ν. From the fitting, ν = 1.07 for
N = 3.
erties of the model in Eq. (7). To study the transition into
the Kekule-VBS phase, we calculate the structure fac-
tor of VBS order parameters by MQMC: SVBS(k, L) =
1
L4
∑
i,j e
ik·(ri−rj)〈(c†i ci+δ + h.c.)(c†jcj+δ + h.c.)〉, where
the system has 2 × L × L sites with periodic boundary
condition and δ labels the direction of a nearest-neighbor
bond; the Kekule-VBS order parameter ∆VBS can be ob-
tained through ∆2VBS = limL→∞ SVBS(K, L), where K
is the VBS ordering vector. It is a finite value when the
system lies in the Kekule-VBS phase.
We perform large-scale MQMC simulations for N =
2, 3, 4, 5, 6 with L = 12, 15, 18, 21, 24. For simplicity, we
shall show N = 3 results here and the details about
other N can be seen in Supplementary Note 2. As
shown in Fig. 4(a), the critical value Jc can be ob-
tained through the Binder ratio [26] of Kekule-VBS or-
der: B(L) ≡ SVBS(K,L)SVBS(K+δk,L) , where |δk| = 2piL . At the
putative critical point, the Binder ratios of different L
should cross at the same point for sufficiently large L.
From MQMC simulations, we calculated the Binder ratio
around the Kekule-VBS phase transitions and obtained
Jc for N = 2, 3, 4, 5 and 6, as shown in Fig. 3. The case
of N = 3 is shown in Fig. 4(a) where Jc ≈ 2.9t, while the
results for other N are shown in Supplementary Figure
1.
To better answer the question whether the Kekule-
VBS transition is first-order or continuous, we further
investigate the critical behaviour around the transition.
Two independent critical exponents, η and ν, can be ob-
tained by MQMC simulations and other critical expo-
nents such as β may be obtained from η and ν through
hype-scaling relations [52]. The critical exponents η and
ν satisfy the following scaling relation: SVBS(K, L) =
L−z−ηF(L1/ν(J − Jc)) for J close to Jc and relatively
large L; we assume the dynamical exponent z = 1 mainly
because of massless Dirac fermions. First, we obtain η by
TABLE I. The critical exponents. η and ν at the FIQCPs
obtained in the present work by QMC and RG (large-N),
respectively, for N = 2, 3, 4, 5, and 6. The comparisons with
Ref. [28] are also shown.
N Method η ν
large-N (present) 0.67 1.25
2 QMC (present) 0.71(3) 1.06(5)
4− , two-loop [28] 0.67 0.94
large-N (present) 0.75 1.26
3 QMC (present) 0.78(2) 1.07(4)
4− , two-loop [28] 0.77 0.96
large-N (present) 0.80 1.25
4 QMC (present) 0.80(4) 1.11(3)
4− , two-loop [28] 0.82 0.97
large-N (present) 0.83 1.23
5 QMC (present) 0.85(4) 1.07(2)
4− , two-loop [28] 0.86 0.97
large-N (present) 0.86 1.22
6 QMC (present) 0.87(4) 1.06(3)
4− , two-loop [28] 0.88 0.98
plotting SVBS(K, L) at J = Jc versus L in a log-log way
and then fitting it to a linear function with slope −(1+η),
as shown in Supplementary Figure 2. Second, there ex-
ists an appropriate value of ν such that different points
(SVBS(K, L)L
1+η, L1/ν(J − Jc)) of different J around Jc
and different L should collapse on a single unknown curve
F , as shown in Fig. 4(b). For N = 3, such finite-size scal-
ing analysis gives rise to η ≈ 0.78 and ν ≈ 1.07 as shown
in Fig. 4. The finite-size scaling analysis for other N is
shown in Supplementary Figure 3.
We summarize the results of η and ν forN = 2, 3, 4, 5, 6
obtained from QMC simulations and RG analysis, re-
spectively, in Table I. One can see that the values of η
obtained by QMC and RG are in very good agreement
with each other. The agreement in ν is not as good
as η, but should become better for larger N as the
RG analysis is performed in large-N expansion. The
reasonable agreement between RG and QMC results for
N = 2, 3, 4, 5, 6 convincingly suggests that the quantum
phase transition between the Dirac semimetals and the
Kekule-VBS phases for N ≥ 2 is an FIQCP. The irrel-
evance of the cubic terms of the VBS order parameter
at the FIQCP is further evidenced by the emergence of
order-parameter U(1) symmetry at the quantum phase
transition, as shown in the Supplementary Figure 4.
Discussion
One possible material candidate to realize FIQCP is
graphene. Because of its spin-1/2 degree of freedom,
graphene hosts N = 2 Dirac fermions. It would be
intriguing to observe FIQCPs in graphene-like systems.
Indeed, it was reported that Kekule-VBS ordering has
been experimentally observed under certain conditions in
graphene [53]. According to our RG analysis and MQMC
simulations, we predict that the quantum phase transi-
5tions into Kekule-VBS in the N = 2 Dirac systems (i.e.
graphene-like materials) are FIQCPs. Other materials
which might feature an FIQCP include 2H-TaSe2, for
which the 3 × 3 charge-density wave ordering seems to
be a continuous transition [54] even though according to
Landau it would be first-order.
We have shown that a putative first-order phase
transition can be driven to a continuous one by coupling
to N massless Dirac fermions in 2+1 dimensions, from
both sign-problem-free Majorana QMC simulations
with N ≥ 2 and the large-N RG analysis. To the
best of our knowledge, it is for the first time that an
FIQCP in 2+1 dimensions is convincingly established
as a quantum phase transition violating the Landau
cubic criterion. Our proposal of FIQCP in the present
paper was further confirmed by subsequent works which
find interesting examples of FIQCP in other types of
theories [55, 56]. We would also like to mention that
our simulations show evidences of a deconfined quantum
critical point (DQCP) between the Kekule-VBS and
antiferromagnetic (AF) phases occurring in the N=2
model in Eq. (7), as shown in Fig. 3. We believe that
our study has provided new insights towards a unified
understanding of quantum critical points and shall
pave a new avenue to understand exotic quantum phase
transitions beyond the conventional LGW paradigm [57].
Methods
Renormalization group analysis. The renormalization group
equations are obtained by one-loop large-N calculations in 2+1
dimensions.
Quantum Monte Carlo. The projector QMC calculation is car-
ried out to explore the ground-state properties of model Eq. (7). In
projector QMC, the ground state is obtained through projection:
|ψ0〉 = limΘ→∞ e−ΘH |ψT 〉, where |ψT 〉 is a trial wave function
and is chosen to be the ground state of the non-interacting part of
in Eq. (7). Because of the absence of sign-problem in Majorana
representation, we can perform large-scale QMC simulations with
large system sizes and sufficiently large Θ. In our simulations, we
use Θ = 40 and also have checked that results stay nearly the same
for larger Θ. We set discrete imaginary-time step ∆τ = 0.04 and
verified that the results do not change within our statistics errors
if we use smaller ∆τ . Simulations are performed in honeycomb
lattice of linear sizes L = 12, 15, 18, 21, 24 with N = 2L2 sites.
Binder ratio and data collapse techniques are implemented to
identify the accurate QCP and extract critical exponents.
Data availability. The data that support the findings of this
study are available from the corresponding author (H.Y.) upon
request.
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7SUPPLEMENTARY INFORMATION
Supplementary Note 1: Renormalization group analysis
As mentioned in the main text, at the quantum phase transition point, the low-energy and long-distance physics
can be described by the massless Dirac fermions, the fluctuating Kekule valance bond solid (Kekule-VBS) order
parameters, and the couplings between fermions and order parameter fields: S = Sψ + Sφ + Sψφ. The action for
massless Dirac fermions on the honeycomb lattice is given by:
Sψ =
∫
ddk
(2pi)d
ψ†[−iw + v(kxσxτz + kyσyτ0)]ψ, (S1)
where τ i (σi) are Pauli matrices with valley (sublattice) indices, and ψ† = (ψ†KA, ψ
†
KB , ψ
†
−KA, ψ
†
−KB) is fermion
creation operators around the Dirac points ±K = ±( 4pi3 , 0).
The Kekule-VBS order parameter possesses 2K momentum and serves a two-dimensional irreducible representation
of the C3 group, which is generated by translation operators T1, T2 ≡ T 21 , where T1 denotes translating by lattice
vector e1 = (1, 0) and T2 denoting e2 = (
1
2 ,
√
3
2 ). Static Kekule-VBS ordering can generate a mass for Dirac fermions.
Thus, the Kekule-VBS order parameters is given by φ2K = 〈ψ†Kσxψ−K〉. The transformation laws for the Kekule-VBS
order parameters read:
T1(φ2K) = e
i 4pi3 φ2K, (S2)
T2(φ2K) = e
i 2pi3 φ2K, (S3)
Px(φ2K) = φ
∗
2K, (S4)
Py(φ2K) = φ2K, (S5)
where Pi is the reflection operator sending i to −i. The most general action for the Kekule-VBS order parameter
allowed by the symmetries up to fourth-order is given by:
Sφ =
∫
ddx
[
|∂τφ|2 + c2|∇φ|2 + r|φ|2 + b(φ3 + φ∗3) + u|φ|4
]
, (S6)
where φ ≡ φ2K for simplicity. The cubic terms in the action are allowed by C3 symmetry and b is a real constant as
required by the reflection symmetries. Dictated by symmetry, the most relevant fermion-boson coupling reads:
Sψφ = g
∫
ddx(φ2Kψ
†
Kσ
xψ−K + h.c.), (S7)
= g
∫
ddx(φψ†σxτ+ψ + φ∗ψ†σxτ−ψ), (S8)
where τ± ≡ 12 (τx ± τy) and we have used the gauge freedom to fix g to be real. For convenience, we define gamma
matrix: γ0 = σz, γ1 = −σyτz, γ2 = σx, γ3 = σyτx, γ5 = σyτy, which have the properties {γµ, γν} = 2δµν , and
γ± = 12 (γ
3 ± iγ5). In the following, we use Greek letter to denote 0, 1, 2 and English letter to denote ±. In this
convention, the action is given by S = Sψ + Sφ,0 + Sint with
Sψ =
∫
ddk
(2pi)d
ψ¯(−iγ0k0 − ivγiki)ψ, (S9)
Sφ,0 =
∫
ddk
(2pi)d
φ∗(k20 + c
2k2i + r)φ, (S10)
Sint =
∫
ddx
[
b(φ3 + φ∗3) + u|φ|4 + ig(φψ¯γ+ψ + φ∗ψ¯γ−ψ)] . (S11)
where ψ¯ = ψ†γ0 and kµ = (w, kx, ky, kz) and k2 = kµkνδµν . The Feynman propagators are given by
S(k) =
i(γ0k0 + vγ
iki)
k20 + v
2k2i
, (S12)
D(k) =
1
k20 + c
2k2i + r
. (S13)
8In the following calculation, the gamma matrices have the properties: {γi, γj} = 2gij , {γi, γµ} = 0, {γµ, γν} = 2δµν ,
where gij = (1− δij)/2. Moreover, the trace properties are listed here for reference:
Tr[γiγµγjγν ] = −4Ngijδµν , (S14)
Tr[γµγνγργσ] = 4N [δµνδρσ − δµρδνσ + δµσδνρ], (S15)
Tr[γiγµγjγνγkγρ] = 0, (S16)
Tr[γiγµγjγνγkγργlγσ] = 4N [δµνδρσ − δµρδνσ + δµσδνρ][gijgkl − gikgjl + gilgjk], (S17)
where we have promoted the spin SU(2) to SU(N). We implement a large-N expansion in calculation. We will see
that as long as g2 stays non-zero at the infrared, the renormalization group (RG) procedure is controlled by 1/N .
This means the critical r˜ = r˜c is of order 1/N ; consequently setting r˜c = 0 in calculations will not affect the result
in the lowest order. We use a momentum-shell renormalization scheme. Namely, the fast modes in the spherical
momentum-shell Λe−l < p < Λ are integrated out, giving renormalization to the slow modes with p < Λe−l, where
l > 0 is the flow parameter. To accommodate this renormalization effects, various coupling constants begin to run
when energy scale changing. The relevant renormalization comes from Seff = S< − 12 〈S2c 〉> + 16 〈S3c 〉> − 124 〈S4c 〉> to
one-loop level, where >,< denote the fast and slow modes, respectively, and 〈· · · 〉> means taking expectation value
in fast mode configurations. Boson self-energy Π(p) and fermion self-energy Σ(p) are
Π(p) =
∫
ddk
(2pi)d
Tr[(igγ+)S(p+ k)(igγ−)S(k)]− 18b2
∫
ddk
(2pi)d
D(p+ k)D(k),
= g2
Npi
2v3
KdΛ
d−4l(p20 + v
2p2i ) + b
2 9pi
4c5
KdΛ
d−6l(p20 −
1
3
c2p2i ), (S18)
and
Σ(p) = −2
∫
ddk
(2pi)d
(igγ−)S(p+ k)(igγ+)D(k), (S19)
= g2
pi
c(c+ v)2
KdΛ
d−4l[γ0(−ip0) + 2c+ v
3v
γi(−ivpi)], (S20)
where Kd =
Ad−1
(2pi)d
, and Ad is the surface area of unit d-sphere. Renormalization contribution to three-boson-vertex is
Γφ3 = Γφ∗3 = −6bu
∫
ddk
(2pi)d
D2(k)− 1
3
∫
ddk
(2pi)d
Tr[S(k)(igγ−)S(k)(igγ−)S(k)(igγ−)], (S21)
= −bu3pi
c3
KdΛ
d−4l, (S22)
and to four-boson-vertex is
Γ|φ|4 = −10u2
∫
ddk
(2pi)d
D2(k) + 144ub2
∫
ddk
(2pi)d
D3(k)− 324b4
∫
ddk
(2pi)d
D4(k)
+
∫
ddk
(2pi)d
Tr[S(k)(igγ+)S(k)(igγ−)S(k)(igγ+)S(k)(igγ−)],
= −u2 5pi
c3
KdΛ
d−4l + ub2
54pi
c5
KdΛ
d−6l + g4
Npi
2v3
KdΛ
d−4l − b4 405pi
4c7
KdΛ
d−8l. (S23)
The contribution from integrating out the fast modes to fermion-boson-vertex vanishes because of properties of γ±
structure. After rescaling p → e−lp, we bring the renormalization effects into the flow of coupling constants. This
results in the following RG equations:
dc
dl
= −Npi(c
2 − v2)
4c3v3
g˜2 − 3pi
2c6
b˜2, (S24)
dv
dl
= − 2pi(v − c)
3cv(c+ v)2
g˜2, (S25)
dg˜2
dl
= (4− d)g˜2 − 9pi
4c5
b˜2g˜2 −
(
Npi
2v3
+
2pi
c(c+ v)2
)
g˜4, (S26)
db˜2
dl
= (6− d)b˜2 − 3Npi
2v3
g˜2b˜2 − 6pi
c3
b˜2u˜− 27pi
4c5
b˜4, (S27)
du˜
dl
= (4− d)u˜− Npi
v3
g˜2u˜+
Npi
2v3
g˜4 − 5pi
c3
u˜2 +
99pi
2c5
u˜b˜2 − 405pi
4c7
b˜4, (S28)
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FIG. S1. | The Kekule-VBS order parameter and Binder ratio. (a) The Kekule valance bond solid (Kekule-VBS)
order parameter versus J/t for N = 4. The Kekele-VBS order parameter is extracted by fitting VBS structure factor using
second-polynomials in 1/L. The standard method of least square is employed to fit the second-polynomials function of 1/L.
The error bar denotes the standard error of the intercept of second-polynomials function. (b-e) The Binder ratio results for
different N : (b) N = 2, (c) N=4, (d) N=5, (e) N = 6; The phase transition point of J/t is the crossed point of Binder ratio
curve with different L.
where we define dimensionless coupling constants: g˜2 = KdΛ
d−4g2, b˜2 = KdΛd−6b2, u˜ = KdΛd−4u. Solving these
coupled RG equations in (2+1)-dimensions (d = 3), we find four fixed points totally. On one hand, two of them
locates in the (b˜2,u˜) plane with g˜2 = 0 and are the familiar Gaussian (b˜∗2 = 0 and u˜∗ = 0) and Wilson-Fisher fixed
points (b˜∗2 = 0 and u˜∗ = 1/(5pi)), respectively. Both fixed points are unstable. Since the fermions decouple with
order parameters at these fixed point, they are not controlled by 1/N and are not relevant in this work.
On the other hand, there are two fixed points with non-zero fermion-boson coupling. But, only one of them is a
physically meaningful fixed point with u∗ > 0 while the other one with u∗ < 0 is not physically meaningful as the free
energy is not bounded from below. At the physical fixed point, the fermion and the boson velocities flow to the same
value, i.e., c∗ = v∗. Thus, we set c∗ = v∗ = 1 below for simplicity. The coupling constants at this fixed point are given
by (g˜∗2, b˜∗2, u˜∗) = ( 2pi(N+1) , 0, R), where R =
1−N+√N2+38N+1
10pi(N+1) . Remarkably, the rotational and Lorentz symmetries
emerge at low-energy and long-distance as c∗ = v∗ and b˜∗2 = 0, which is a Gross-Neveu-Yukawa (GNY) fixed point
corresponding to chiral XY universality. This GNY fixed point is stable for relatively large Nc as indicated by the
flow diagram as well as the linearized RG equations given in main text and controls the behaviors at the FIQCP. The
scaling fields near this fixed point read (−1,−
√
N2+38N+1
N+1 ,
3(N+4−√N2+38N+1)
5(N+1) ), from which one can find the critical
number reads Nc =
1
2 . For N > Nc, the GNY fixed point is stable due to the negativity of all scaling fields.
We believe that the second-order phase transition found in Majorana quantum Monte Carlo (MQMC) simulation
is controlled by the GNY fixed point. At this fixed point fermion and boson fields will get non-trivial anomalous
dimensions:
ηφ =
Npi
4
g˜∗2 +
9pi
8
b˜∗2 =
N
2N + 2
, (S29)
ηψ =
pi
8
g˜∗2 =
1
4(N + 1)
. (S30)
The critical exponent η is directly related to η ≡ 2ηφ = NN+1 . To determine other critical exponents, we calculate the
φ2(x) vertex:
Γ|φ|2 = −18b2
∫
ddk
(2pi)d
1
(k2 + r)2
+ 4u
∫
ddk
(2pi)d
1
k2 + r
, (S31)
=
(
− 9pib˜
2
(1 + r˜)3/2
+
4piu˜√
1 + r˜
)
Λ2l, (S32)
where r˜ = Λ−2r. From this contribution, we have ηr = −η+ 27pi2 b˜∗2 − 2piu˜∗ = − 1+4N+
√
1+38N+N2
5(1+N) . Thus, the critical
exponent at the GNY fixed point is given by ν−1 = 2 + ηr which gives rise to the formula in the main text.
We consider the insertion of the term u5(φ
3 + h.c.)|φ|2 into the fixed-point action and ask whether it would affect
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FIG. S2. | The critical exponent η. The critical exponent η can be obtained from the fitting in the log-log plot of the
Kekule-VBS structure factor versus L at J = Jc for different N . (a) N = 2. (b) N = 3. (c) N = 4. (d) N = 5. (e) N = 6.
(a) (b) (c) (d)
FIG. S3. | Data collapse results for different N . The critical exponent ν can be obtained through data collapse. (a)
N = 2. (b) N = 4. (c) N = 5. (d) N = 6.
the GNY fixed point or not. The RG equation of u5 is given by
du5
dl
=
[1
2
− 5N
2(N + 1)
]
u5 − 8piu˜u5, (S33)
where u˜ is the dimensionless coupling constant of the quartic term defined in the main text and l is the flow
parameter. For N > 1/2, u5 is irrelevant at the GNY fixed point. Similar calculations also show that u6|φ|6 and
and u′6(φ
6 + h.c.) terms are irrelevant at the GNY fixed point. Thus, these terms can be safely neglected near the
quantum phase transition for analyzing the FIQCP.
Supplementary Note 2: MQMC results of the SU(N) models for N = 2,3,4,5,6
In order to confirm the scenario of FIQCP, we perform sign-problem-free MQMC simulations of the SU(N) fermionic
model (Eq. 6) on honeycomb lattice for N = 2, 3, 4, 5, 6. The largest linear system sizes in the simulations are L = 24.
We compute Binder ratio to determine phase transition points from semimetal to kekule-VBS phase. The results
of Binder ratio for N = 2, 4, 5, 6 are shown in Supplementary Figure 1, from which we obtain the quantum critical
values of J for different N(shown in Fig. 2). We can see that the critical points of J decrease monotonously as N is
increased. This trend is expected because the quantum fluctuations are stronger for smaller N such that the critical
values of J are larger than the mean-field value. The critical Jc in the limit of N → ∞ is equal to the mean-field
value.
To study the critical behaviour of these transition points for different N , we use the scaling function SVBS(K, L) =
L−z−ηF(L1/ν(J − Jc)) to obtain the critical exponents η and ν. The results are shown in Supplementary Figure 2
and Supplementary Figure 3. It is obvious that for N = 2, 4, 5, 6, the structure factor with different L and J can be
collapsed to a smooth scaling function by choosing appropriate values of η and ν, which indicates that these transitions
are continuous. The critical exponents η and ν of the quantum phase transitions between the Dirac semimetals and
the Kekule-VBS for N = 2, 3, 4, 5, 6 fermions are summarized in Table. I of the main text.
In order to verify the prediction of emergent U(1) symmetry at the FIQCP obtained in our RG’s analysis, we employ
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FIG. S4. | The color-coded histogram of the VBS order parameter. The color-coded histogram of the VBS order
parameter in the system with L = 15. Red color means the concurrence probability of VBS order parameter P (Re(φ), Im(φ))
is high, while blue color means concurrence probability of VBS order parameter P (Re(φ), Im(φ)) is low. (a) J/t = 4.0 for
N = 3: the system is located in the VBS ordered phase. The VBS order parameter exhibits C3 symmetry. (b) J/t = 2.95 for
N = 3: the system is located at transition point from the Dirac semimetal to the Kekule-VBS phase. The VBS order parameter
exhibits an emergent U(1) symmetry. (c) J/t = 3.2 for N = 2: the system is located at transition point from semimetal to
VBS phase, at which an emergent U(1) symmetry occurs.
the technique of histogram by studying the concurrence probability of VBS order parameter P (Re(φ), Im(φ)). The
VBS order parameter φ is given by: φ =
∑
i(c
†
i ci+δ + h.c)e
i2K·ri . Our histogram analysis shows that in the Kekule-
VBS ordered phase, the concurrence probability P (Re(φ), Im(φ)) exhibits the expected C3 symmetry. However, at
the phase transition point between the Dirac semimetal and the Kekule-VBS phase, the histogram of the VBS order
parameter should exhibit an emergent U(1) symmetry if the transition is a continuous one. The QMC results of the
histogram both at the transition points and deep in the VBS ordered phase for N = 2, 3 are shown in Supplementary
Figure 4, respectively. Indeed, the histogram at the transition point exhibit an emergent U(1) symmetry, which
provides strong evidences of ruling out the possibility of a first-order transition.
